Generalizing the well-known theorem of Halin (1964) that a countable connected graph G contains an end-faithful spanning tree (i.e., an end-preserving tree that omits no end of G), we establish some results about the existence of end-preserving spanning trees omitting some prescribed set of ends. We remark that if such a tree exists, the omitted ends must all be dominated, and even then counterexamples exist. We then give sufficient conditions for the existence of such trees, generalizing a result of Siran (1991) In 1964 Halin [5] introduced the concept of ends in an infinite graph. An end is an equivalence class of an equivalence relation on the set of rays of the graphs, where two rays R and R I are declared equivalent if one cannot separate an infinite part of R from an infinite part of R' by the removal of finitely many vertices of the graph. Numerous problems involving ends have been studied since then. We shall take as our starting point the following two results.
O. Introduction
In 1964 Halin [5] introduced the concept of ends in an infinite graph. An end is an equivalence class of an equivalence relation on the set of rays of the graphs, where two rays R and R I are declared equivalent if one cannot separate an infinite part of R from an infinite part of R' by the removal of finitely many vertices of the graph. Numerous problems involving ends have been studied since then. We shall take as our starting point the following two results.
Theorem 1 (Halin [5]). Any countable connected graph has an end-faithful spanning
tree.
An end-faithful subgraph of a graph G is a subgraph H of G such that each end of G contains exactly one end of H as a subset (observe that, since H is a subgraph
I. Preliminaries
The terminology will be for the most part that of [14] . In particular, ~o will denote the first infinite cardinal.
1.1. All graphs will be undirected, and without loops or multiple edges. For a set A of vertices of a graph G we denote by G IA the subgraph of G induced by A. If B is any set of vertices, and H any graph, we define G
-B:=GI(V(G ) -B) and G -H := G -V(H). The union of a family (Gi)iEl of graphs is the graph U,c/Gi
given by V(UiEI Gi)= UiCI V(Gi) and E(UiE 1 Gi)~-UiEl E(Gi). The intersection is defined similarly. If (Gi)iE1 is a family of subgraphs of a graph G, the subgraph induced by the union of this family will be denoted by Vie1 Gi. For x E V(G) the set V(x; G) := {y E V(G): {x,y} E E(G)} is the neiohborhood of x in G. If H is a subgraph of G and X a subgraph of G -H, the boundary of H with X is the set v(c -{x, y})). [4] and Hopf [8] , and independently by Halin [5] ) are the classes of the equivalence relation ~c defined on the set of all rays of G. Rays R and R ~ are end-equivalent (written R ~G R') if and only if the following three equivalent properties are satisfied.
~B(H,X) := {x E V(H): V(x; G) M V(X)
¢
The ends of a graph G (this concept was introduced by Freudenthal
(i) There is a ray of G which meets each of R and R t infinitely often;
(
ii) ~c-s(R)= ~c-s(R') for any finite S C_ V(G) (where ff~G-s(R) denotes the component of G -S containing a tail of R);
(iii) V(R) and V(R') are infinitely linked to each other in G. We will denote by [R]~; the class of a ray R of G modulo ~c, by ~c-s([R]6) the component ~-s(R), and by Z(G) the set of all ends of G. Notice that if G is a tree, then two rays of G are equivalent modulo '~c if and only if they have a common tail; hence two disjoint rays of a tree correspond to different ends of this tree.
A subgraph H of G is end-respectin9 (resp. end-complete, end-faithful) if the map ~/G:X(H)---~X(G) given by eHG([R]H)=[R]
G for every ray R of H, is injective (resp. surjective, bijective). We denote by X/4(G) the image of e/4G, i.e. the set of ends of G having rays of H as elements. Furthermore, for ~¢ C_ X(G), we set d(H) := ~¢ M ~H(G). where S is a finite subset of V(G) and z an end of G. This topology was introduced by Jung [9] (see [3] or [14] for a survey). Note that in this topology the closure of a subset I2 of Z(G) is the set g2 := {~ C Z(G): for any finite S C V(G) there is z' C (2 such that Ec-s(z) = EG-s(Z')}, i.e., f2 is the set of all ends which cannot be finitely separated from f2. By [14, Theorem 2.6] the end space Z(G) of a graph G is scattered (i.e., contains no non-empty subset which is dense in itself) if and only if G has no subdivision of the dyadic tree as an end-respecting subgraph. Furthermore, the cardinality of the end set of a countable graph G is at most ~o or exactly 2 ~° accordingly as Z(G) is scattered or not. Moreover, the end space of the dyadic tree is homeomorphic to Cantor space 2 ~. If O=Z(G) we write m(G) for m(Z(G)), and if I2= {z} we write re(z) for m({z}).
For a subgraph H and an end ~ of G, we will set ran(Z) := m(eH~(Z)). By the remark in 1.2 about ends of trees, notice that if H is a tree, then H is end-respecting (resp. end-complete, end-faithful) if and only if mH(z) ~< 1 (resp. I> 1, = 1).
1.5 A vertex x dominates an end v (or, as in [14] , x is a neighbor of ~), or z is dominated by x, if x c V(Ec-s(T)) for any finite S c_ V(G -x), or equivalently if x is infinitely linked to V(R) for some, and so for any, R E z. We will also say that x dominates R E ~. We denote by 33-1(~) the set of all vertices that dominate ~, by ~3(x) the set of ends that are dominated by x, and by 33(G) the set of all dominated ends of G. Note that two vertices that dominate the same end are infinitely linked to each other. (i) there is an end z such that S -V(~C-F(Z)) is finite for any finite F C_ V(G), i.e., S is infinitely linked to some (and hence to any) ray which belongs to r (S is said to be 'concentrated in z'); (ii) any two infinite subsets of S are infinitely linked to each other in G. Note that any infinite subset of a set that is concentrated in an end z is also concentrated in z.
A set S of vertices of a graph G is fragmented if there is a finite F C_ V(G)
such that ~C-F(X) ¢ ~G-F(Y) for every pair {x, y} of distinct elements of S (i.e., the elements of S are pairwise separated by F).
Notice that if S is infinite, then there is atleast one vertex in F which is infinitely linked to S, provided that G is connected.
Lemma (Polat [10, Corollary 3.11]). Any infinite set of vertices of a graph has
an infinite subset which is concentrated or fragmented
Proposition. Let T be a spanning tree of a connected graph G, and let z be an end of G which is not dominated Then T contains a ray that belongs to r.
This generalizes Theorem 2.1 of [15] stating that any spanning tree of a connected infinite locally finite graph is end-complete, and this shows that a spanning tree of a connected graph G may omit an end z of G only if z is dominated.
Proof. Assume that mr(z) = 0, and let R E z. Then V(R), which is concentrated in v in the graph G, has no concentrated subset in the tree T. Hence, by Lemma 1.8, V(R) has an infinite subset that is fragmented in T. Thus there exists a vertex x which cannot be finitely separated from V(R) in T, hence afortiori in G. Therefore x dominates ~, a contradiction to the hypothesis. [] 1.10. Let ~ be a set of ends of a graph G such that all ends in Z(G)-~,~ are dominated. An end-respecting subgraph H of G such that ~,(G)--~ will be called ~.~-faithful, and a subgraph H of G such that Z,q(G) = ~-will be said ~-complete. In particular, an ~-faithful spanning tree is a rayless spanning tree, while a Z(G)-faithful spanning tree is an end-faithful spanning tree of G. In the following we will have to consider J~-faithful spanning trees and ~--complete spanning trees where ,~¢ := Z(G)-.~-is a given set of dominated ends. Thus, since we will consider properties of ~¢ only, and not those of o~, and in order to simplify the formulation, we will denote by ~,c the complement of d, that is d c := Z(G) -d --~. So we will study the existence of de-faithful spanning trees and tiC-complete spanning trees for a given set d. i.e., Oxy is the graph obtained by joining x (resp. y) to every vertex ofRx (resp. Ry).
Examples

Example of a 9raph G havin9 on ~(G)%faithful spannin9 tree
Now put
XE~Gn--Gn_ I {x,y}CE(X)
Every end of G,+l is dominated in such a way that, for any i<<.n+l, ifDxy =Rx I..JRy is a component of Gi -Gi-1, then x (resp. y) is the only vertex which dominates 
Example of a graph G having no dC-complete spanning tree for some ~¢ C_ ~(G)
(a) Consider the complete binary tree T rooted at a vertex a. Map the set of vertices of T -a onto the set {0, 1 } in such a way that two vertices on the same level, with respect to the natural order on V(T) where a is the least element, and that have a common neighbor, receive different values. This map f clearly induces a bijection 4~ from the set of all rays of T originating at a, onto the set of all elements of 2 ''~. This bijection is a homeomorphism from the endspace Z(T) onto the Cantor space 2'" (see [12, 6.2] ). Now, the set ~¢ of all stationary sequences (i.e., ultimately constant sequences) in 2 °~ is a countable set that is dense in 2 °~, and whose points are all cluster points in d; thus it is not scattered.
(b) Denote by G the graph obtained by joining a new vertex b to all the vertices of the binary tree T described in (a). All ends of G are then dominated. Let
red}.
Since ~b is a homeomorphism between Z(T) and 2 ", the set M is countable, not scattered, and dense in Z(G). Let B be a spanning tree of G such that MAZB(G)= ~. We will show that Zs(G)~ Z(G)-~, which will prove that G has no M-complete spanning tree.
Construct three sequences (p(n))n>~O, (Wn)n>~O and (a,),>~0 such that p(n) is an integer with p(n)<p(n+ 1), W~ is a path of T with a as an endpoint and with ~ C_ W,,~ 1, and an is an element of d so that, for n > 0 and if W~ = (x0 ..... xp(,,)) with x0 = a, Note that, contrary to the case of ~¢C-faithfulness, there always is a spanning tree omitting all dominated ends.
Theorem. Any countable connected graph has a ~(G)C-complete spanning tree.
Proof. By Proposition 1.9 it is sufficient to show that G contains a spanning tree having no ray dominated in G. Let (xi)i~o be an enumeration of V(G) and let us inductively define a nested sequence of finite trees (T/)i~>0 and a function q~ : V(G) --* ~ as follows.
Let To consist of the isolated vertex xo, and q~ (x0 Obviously, T is a spanning tree. Suppose that some dominated ray R := (Y0, Yl .... ) is contained in T. W.l.o.g. we may assume that x0 is the origin of R. Let m be the minimum value of q~ over the set of the dominating vertices of R. Now, by construction, R must contain infinitely many vertices for which q~ has value at most m + 1. On the other hand, the unique xoYi+l-path must contain Yi and hence also the edge {yi, Yi+l }. 
~¢%faithful spanning trees and ~¢C-faithful subgraphs
This section is essentially devoted to the proof of the following theorem:
Theorem. Let G be a countable connected graph, and d a set of dominated ends of G. Then the following are equivalent:
(i) G has an de-faithful spanning tree; (ii) G has an ~%faithful spanning forest; (iii) G has an d%faithful subgraph.
Before going into the proof we need some auxiliary results. First let us recall Theorems 1 and 2 of the introduction.
3.2. Theorem (Halin [5] , Polat [13] and Siran [18] 
Lemma Let G be a 9raph, R a ray of G, and T a tree of G. If any finite set o[ vertices separating T from a tail of R meets T, then T contains a ray end-equivalent to R in G, or a vertex dominatin9 R in G.
Proof. By Menger's theorem, as no finite set disjoint from T separates T from a tail of R, there exists an infinite family of (V(T), V(R))-paths which are pairwise disjoint except possibly for their endpoints in V(T). Denote by A the set of vertices of T which are end points of paths of this family. If A is finite, then at least one of its elements is infinitely linked to V(R) in G, and so dominates R. Assume that A is infinite. By Lemma 1.8, A has an infinite subset which is either concentrated in T or fragmented in T. In the first case, there exists a ray of T which is infinitely linked to A in T, thus to V(R) in G, and hence is end-equivalent to R in G. In the second case, by the remark in 1.6, there is a vertex of T which is infinitely linked to A in T, thus to V(R) in G, and hence dominates R in G. [] 
Lemma. Let G be a countable connected 9raph, and d a set of dominated ends of G. If G has an ~¢C-faithful spannin9 forest F such that all ends of G/F are dominated, then G has an egO-faithful spannin9 tree.
Proof. First let V(G/F):={Fi: iCI}, and for any edge {Fi,~} of G/F fix an edge eij of G connecting F~ to Fj in G. By 3.2(ii), G/F has a rayless spanning tree, say T, since it is countable and has only dominated ends. Denote by T the spanning tree of G such that E(T)=E(F)U {ei): e 0 C E(T)}. Observe that T is connected since T is spanning, and that it is acyclic since so are F and T. Hence T is a spanning tree of G. To see that it is also tiC-faithful, it is sufficient, since F is de-faithful, to note that any ray in T has a tail in F. Indeed, if that was not so, i.e., if a ray of T had no tail in F, then, by construction, the intersection of R with any component of F would be a path, thus finite, hence R would meet infinitely many component of H. Then R/H would be a ray in the rayless tree T. []
In the preceding lemma, the condition for G/F to have only dominated ends is technical. The main step in the proof of Theorem 3.2 shows that it can always be satisfied. This is the content of the following lemma.
Lemma Let G be a countable connected graph, and ~¢ a set of dominated ends of G. If G has an ~C-faithful forest, then G has an ~C-faithful spanning forest H such that all ends of G/H are dominated
Proof. Let F be an de-faithful forest. W.l.o.g. we can assume that F is spanning (possibly with isolated vertices), and that F has infinitely many components.
(a) Denote by ~3oo(G) the set of all ends of G which are dominated by infinitely many vertices. Note that a3-1(z) f3 ~3-1(z t) is finite if z ~ zt since ~-s(z) :fi ~6-s(z t) for some finite SC_ V(G). Hence, ~o~(G) must be countable since G is. Let (ri)i~, with ct~<co, be an enumeration of ~o~(G).
We will construct, by induction, a family (T/)i<~ of pairwise disjoint rayless trees of G satisfying the following conditions for i < c¢, exists an XoXn+l-path in G that is disjoint from v(ui~<n w~) -{x°}; define ~'Vn+l to be such a path. Finally, set T := Un~>o w,. This tree is rayless and satisfies the three required conditions. This is clear for (1) and (2) . As for condition (3) , it suffices to notice that any infinite set of vertices of T is infinitely linked to ~-l(z0), thus to any ray belonging to Zo. Now let i be such that i + 1 < ~, and suppose that To ..... Ti have already been constructed. Let A := V(Uj~iTj). Since ~-l(zi+l)fl~-l(zj) is finite for all j<~i, the set D := ~-l(zi+l )-A is cofinite in ~-I(Zi+l ). Moreover, by condition (3) and the fact that i is finite, any infinite subset of A which is concentrated in G must be concentrated in an end zj for some j<<.i. Therefore, two rays of G-A belonging to zg+l are still endequivalent in G-A, and any element of D dominates the end of G-A corresponding to zi+l, that is, the only element of a~I_A.c(Zi+I) (see 1.2). Consequently, by the process we used above to get To, we construct a rayless tree T,.+] of G -A which contains D, and which has the desired properties (1)-(3).
(b) From ~F := {Fn: n~>0} and the family (Tg)/<~ constructed above, we will now define the desired ~¢C-faithful forest H. It will be the union of the nested sequence 
. u U(Fn) u V(T,o) u. . . u V(T~.).
Note that R~ is disjoint from Fj for every j<n since R~ C F,. Hence z ='/Tik by property (3) of the T,'s. This implies, since z C d c and by the choice of the ik, that there exists a ray of Hk C_ H that belongs to z = %. Therefore, a ray end-equivalent with R~ is included in some Fj with j <n; hence, F contains two disjoint end-equivalent rays, contrary to the de-faithfulness of F. Consequently, H is an ~¢%faithful spanning forest of G. Note that a consequence of these facts is that, since any end in ~¢c has a representative in some Fn, it will have one in some Hn. Hence, by the construction of the Hn's, for every k <c~ there will be a non-negative integer n with k = in. 
~¢~-faithfulness and end-topology
Siran [18, Corollary 14] proved that a countable connected graph G has an ~c_ faithful spanning tree if d c is countable, and recently Hahn and Siran [7, Theorem 2] proved the existence of such a tree if ~¢ is a discrete subspace of ~;(G). It is these two results that we will improve in this section (Theorem 4.4).
4.1. We recall that, if X is a topological space, then a G6-set (resp. F~-set) of X is the intersection (resp. union) of a countable family of open (resp. closed) sets of X. Furthermore, the set of all G6-sets (resp. F~-sets) of X is closed under finite unions (resp. intersections) and countable intersections (resp. unions).
4.2.
Remark. Any closed (resp. open) set of the end-space of a countable graph is a G,~-set (resp. F~-set). This is obvious since, for any graph G, the family {S*(t): S* E [V(G)] <~'~ and t E X(G)} is a base of the end-topology, consisting of closed-and open-sets, and which is clearly countable for countable G.
Lemma. Let G be a countable connected 9raph, and let d and M be two sets of dominated ends of G with M Cd. If G has a Me-faithful spanniny tree, and ([ ~¢ -M is a G~-set, then G has an de-faithful spannin9 tree.
Proof. By Theorem 3.1 it will be sufficient to construct an ~dC-faithful spanning forest. Let (~'-M) c = Ui>~0 ~/with all ~/closed in ~;(G), and let T be a Me-faithful spanning tree of G. Proof. By 3.2(i) G has an end-faithful spanning tree, i.e., a 0C-faithful spanning tree, hence, by Lemma 4.3 with ~ = 0, it has an ~¢C-faithful spanning tree. [] 4.5 Observe that Theorem 1 [5] and Theorem 2 [13, 18] of the introduction are immediate consequences of Theorem 4.4, by taking, respectively, ~¢ = 0 and ~¢ = 33(G)= X(G). Moreover, Theorem 4.4 gives Siran's result in the case where d is countable [18, Corollary 14] since X(G) is Hausdorff, and hence its countable subsets are F~, which implies that any set d c whose complement a is countable is a G6-set.
Corollary Let G be a countable connected graph, x a vertex of G, and ~(x) the set of all ends dominated by x. Then G has an 3)(x)C-faithful spanning tree.
Proof. By Remark 4.2 and Theorem 4.4 it will be sufficient to show that ~3(x) is a closed set. Let r E ~(x). Then, for any finite F C V(G-x), ~a-F(r)= ~O-F(r') for some ~ E ~(x), hence x E V(EO-F(r)) since r ~ is dominated by x. Therefore, r is also dominated by x. [] We remark that this last result will also be true for any intersection of finite unions of sets of this form, since the intersection of finite union of closed sets is a closed set.
4.7.
To obtain further applications of Theorem 4.4 we need to recall the concept of Cantor-Bendixson derivative.
Let ~¢ be a topological space. We denote by ~1' the derivative of ~', i.e., the set of cluster points of ~1. The Cantor-Bendixson derivative of order c~ of ~¢, J(~), is defined by induction as follows:
• ~¢(0) := ~,.
• j(:,+l):= (.~¢(:,)),.
• From now on, all sets of ends of a graph G will be considered as subspaces of the topological space ~(G).
Lemma. Let ~¢ be a subset of the end-space of a countable connected graph G. Then r( ~¢) is countable.
Proof. Let T be an end-faithful spanning tree of G. Fix x0 E V(G), and for every z E ~(G) denote by R~ the unique ray in r originating at xo and included in T. 
E(T~)-E(T~+I) is non-empty. Further, E(T) D U (E(T~)-E(T~+I)
)
Corollary. Let d be a subset of the end-space of a countable connected graph G, and o~ an ordinal. Then d -~¢(~) is a Ga-set.
This is trivial since ~¢-~'~) is scattered. The following result is a characterization of G,5-sets.
Proposition. Let d be a subset of the end-space of a countable connected graph G. Then d is Ga-set if and only if <~¢~(,~s) _ ~¢ is an F~-set.
Proof. If d is Ga-set, then d ~ is a F~-set, hence so is ~t~ tr(<&) (-] Remarks. We will show that the hypothesis of Theorem 4.4, which is sufficient, is not necessary, and that in fact a possible characterization of sets ~' of ends for which an tiC-faithful spanning tree exists, cannot be of topological character only (4.14.3), though it must take account of the end-topology (4.14.5).
4.14.1. First consider the graph G defined in 2.1. Its set ~)(G) of dominated ends is not a G~-set since G has no ~(G)C-faithful spanning tree, but it is countable, and so is an F,-set since the topological space Z(G) is Hausdorff (this property holds for any countable graph G). Thus, the fact of being an F~-set for a set ~¢ of dominated ends does not guarantee the existence of an sCC-faithful spanning tree. Now consider the following result: 4.14. 
i<~n--1
Let (d~),<~ be a family of distinct vertices not in V(G). Denote by H (resp. Tn) the graph obtained from G (resp. T) by adding de and joining it to all vertices of Tn -T~_ l (resp. and by removing all edges of T, -T~_ 1), for all n < ~t. The graph H has obviously the required properties, in particular, with Tn as an (ean(~c))%faithful spanning tree. [] 4.14.3. Application of this result to the graph G introduced in Section 2.1 gives a new graph H which has exactly the same properties as G with respect to the end-uniformity, and moreover which has a ~(H)C-faithful spanning tree even if ~(H) is not a G~-set. It would be incorrect to think that the statement of Proposition 4.14.2 would hold if ~¢ was not an F:set. Indeed, let us recall the following result of Polat. We reproduce the proof since it is very short.
Proof. Let T be an ~¢C-faithful spanning tree of G. Since cg is closed, T contains a subtree T ~ such that Zr,(G) = d c n cg.
(i) T' is countable, hence I~ 1c ncgl = I~(T')I is countable or equal to 2°L
(ii) If Id~n~el =2% then T ~ contains a subdivision of the dyadic tree, and this implies that ~¢cn cg = Zr,(G) contains a non-empty perfect set. [] 4.14.5. Now consider any connected countable graph G with ~(G)= Z(G) and whose end-space is homeomorphic with the Cantor space. For example, take the complete binary tree T with a new vertex joined to all vertices of T. Then we know (see [1, Ch. 9, Section 5, exercise 18d)]) that there is a subset ~¢ of Z(G) such that I~¢1--I~¢Cl--2% and such that ~¢ and z¢ c contain no non-empty perfect set. Let H be any countable extension of G such that eGl4 is a homeomorphism from the end-space of G to that of H. Then e6H(~¢) has the same properties with the respect to Z(H), as d with respect to X(G). Therefore, by 4.14.4(ii), H has no (e, cH(s~'))C-faithful spanning tree.
Ends with infinitely many dominating vertices
In this section we will establish results concerning surroundable sets of ends, which are roughly speaking sets that can be separated from their complement.
5.1. Definition. Let G be a graph. We say that a set ~¢ of ends is surrounded by a spanning forest F of G if for any ray R in G, R belongs to an end in ~¢ if and only if R meets some component of F infinitely often. If such a forest F exists, ~t is surroundable. In case F is rayless, we say that ~¢ is raylessly surroundable.
5.2.
Remark. If G is countable, then any closed subset of ~(G) is surroundable, and any closed subset of ~(G) containing dominated ends only is raylessly surroundable. The proof is straightforward, by Theorem 3.2 and the existence of a multi-ending over any closed set (see [11, 2.8] and [13, 8.3] ).
Lemma. Let G be a countable 9raph and d c_ ~(G). If each end of ~¢ has infinitely many dominatin9 vertices, then ,~¢ is raylessly surroundable.
Proof. Since V(G) is countable and since the set of vertices which simultaneously dominate two distinct ends is necessarily finite, d must be at most countable. We shall consider only the case where d is infinite, leaving the (straightforward) modifications in the finite case to the reader. Let (rg)i~ be an enumeration of ~. Let (Rg)~ be a family of rays such that Ri E z~ for every i, and any R E zi meets Rg infinitely often. By Diestel's strong faithfulness theorem [2, Theorem 2], such a family exists. For each i E N we will construct a rayless tree as the union of an infinite family of paths (P/)/>~o defined inductively as follows.
(1) Take So :=Ro, let x0 be any dominating vertex of Ro and pO any (x0, V(So))-path. (2) Let p1 be any (x0, V(So))-path intersecting pO in xo only. Such a p1 exists since x0 domains R0. (3) Let S1 be a tail of Rl disjoint from R0 and pO, xl a dominating vertex of RI, and pO an (xI,V(Sl))-path disjoint from So, P ° and Po I. Such Sl,xl and P(I exist because So is not end-equivalent to Rl in G, R1 has infinitely many dominating vertices, and pO and P01 are finite. (4) Let P0 2 be any (x0, V(S0))-path disjoint from pO and $1, and intersecting p O and P0 ~ in xo only. Such a path exists since x0 does not belong to pO, dominates Ro, and Ro is not end-equivalent to S~. (5) Let PI 1 be an (xl, V(S1 ))-path disjoint from pO, po ~, po 2 and So and intersecting Pl ° in xl only. For reasons similar to those stated in (4), such a P~a exists. (6) Consider R2. Since R2 is not end-equivalent to either Ro or R1, there is a tail $2 of R2 which is disjoint from pO, po 1, po 2, pO, PL', So and S~ ; and since R2 has infinitely many dominating vertices there is a dominating vertex X2 of R2 which does not belong to any pO, p0 l, p2, pO, pl 1, So and SI. Continuing this construction ad infinitum we obtain a sequence of paths P/, i E ~, j~>0, and tails Si of Ri, i E ~, together with dominating vertices xi such that:
• any two paths P/J and P] with i # k and j ¢ l are disjoint;
• any two paths P/ and Pit intersect in xi only;
• any ray Si is disjoint from any path P~ if i ¢ k. Now put Hi := Uj>~oPi j (iE ~). Note that (Hi)iE~ is a family of pairwise disjoint rayless trees. Moreover, since Si is disjoint from Hk for any i ¢ k and since S,. intersects Hi infinitely often, we can extend each Hi to a rayless tree F/ containing V(Si) such that the Fi's are still pairwise disjoint.
Let F be the rayless spanning forest of G whose components are the Fi's and isolated vertices. We claim that F surrounds ~¢ in G. Let R be any ray of G. It is easy to see Proof. Let (Fi)i~i be the family of all connected components of F. For any edge {F/,Fk} of G/F, fix an edge ejk of G connecting Fj to Fk. Let T be the subgraph of G obtained by adding to F the edges ejk, {Fj,Fk} EE(T) (a similar construction is used in the proof of Lemma 3.6). Note that by construction, condition (i) and (ii) are clearly satisfied. Moreover, T must be a spanning tree of G since F is acyclic and T is a spanning tree of G/F. Hence, by Proposition 1.9, condition (iii) is trivially satisfied. Moreover, no ray of T belongs to an end in d since otherwise there exists an i E I such that R meets F,-infinitely often. Since T is a tree containing both Fi and R and since Fi is connected, the preceding argument implies that R C_ Fi. This,
